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Response surface methods have been used for a variety of applications in aerospace engineering, particularly
in multidisciplinary design optimization. We investigate the use of kriging models as alternatives to traditional
second-order polynomial response surfaces for constructing global approximations for use in a real aerospace
engineering application, namely, the design of an aerospike nozzle. Our objective is to examine the dif� culties in
building and using kriging models to create accurate global approximations to facilitate multidisciplinary design
optimization. Error analysis of the response surface and kriging models is performed, along with a graphical
comparison of the approximations. Four optimization problems are also formulated and solved using both sets
of approximation models to gain insight into their use for multidisciplinary design optimization. We � nd that
the kriging models, which use only a constant “global” model and a Gaussian correlation function, yield global
approximations that are slightly more accurate than the response surface models.

Nomenclature
ns = number of sample points
R = correlation matrix in kriging model
R(x i , x j ) = correlation function between points x i and x j

Oy = predicted response value at untried x
¯ = constant underlying global portion of kriging

model
¯i , ¯i j , ¯ii = linear, interaction, and quadratic coef� cients in

polynomial response surface
µk = correlation parameters in kriging model
O¾ 2 = variance estimate

I. Introduction: Frame of Reference

M ANY engineering analyses rely heavily on running com-
plex computer analysis and simulation codes such as � nite

element and computational � uid dynamic analyses to simulate the
performance of the system under consideration. Depending on the
� delity of these analyses, they can become computationallyexpen-
sive, limiting optimization and design space exploration. Conse-
quently, statistical approximations are becoming widely used in
aerospace engineering to construct simpli� ed approximations, or
metamodels, of these analysis codes that are then used in lieu of the
actual analysis codes, providing a surrogate model of the original
code. By far the most popular techniquefor buildingmetamodels in
aerospace engineering is the traditional responsesurface method,1
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which typically employs second-order polynomial models � t us-
ing least-squaresregression techniques.Recent reviews of response
surface modeling approaches in aerospace engineering,2 structural
design,3 and mechanical engineering4 are available in the literature
and are therefore not repeated here.

Because responsesurfacesare typically second-orderpolynomial
models, they have limited capability to model nonlinear functions
of arbitrary shape accurately.Higher-orderresponsesurface models
can beused to approximatea nonlineardesignspace;however,insta-
bilities may arise,5 or it is often too dif� cult to take enough sample
points to estimate all of the coef� cients in the polynomialequation,
particularlyin highdimensions.Consequently,many researchersad-
vocate the use of a sequential response surface modeling approach
using move limits6 or a trust region approach.7 For instance, the
Concurrent Subspace Optimization procedure uses data generated
during concurrent subspace optimization to develop response sur-
face approximations of the design space that form the basis of the
subspace coordination procedure.8¡10 The Hierarchical and Inter-
active Decision Re� nement methodologyuses statistical regression
and other metamodeling techniques to recursively decompose the
design space into subregions and � t each region with a separate
model duringdesignspace re� nement.11 Finally, themodel manage-
ment framework is being developed collaborativelyby researchers
at The Boeing Company, IBM Corporation, and Rice University to
implement mathematically rigorous techniques to manage the use
of approximation models in optimization.12

Many of these sequential approaches are being developed for
single-objectiveoptimizationapplications;however, much of engi-
neering design is multi-objective, and it is often dif� cult to isolate
a small region of good design that can be accurately represented
by a low-order polynomial response surface model. Barton5 goes
so far as to state that the response region of interest will never be
reduced to a “small neighborhood” that is good for all objectives
during multi-objective optimization. Koch et al.13 discuss the dif-
� culties encountered when screening large-variable problems with
multiple objectives as part of the response surface approach. Con-
sequently, there is a need to investigate metamodeling techniques
that are capableof generatingaccurateglobal approximationsof the
design space over potentially large regions of interest.

Kriging models show great promise for building accurate global
approximations of a design space.14 These metamodels are ex-
tremely � exible because of the wide range of spatial correlation
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functions that can be chosen for building the approximation, pro-
vided suf� cient sample data are available to capture the trends
in the system responses. As a result, kriging models can approx-
imate linear and nonlinear functions equally well. Furthermore,
kriging models can either “honor the data,” by providing an exact
interpolationof the data, or “smooth the data,” by providing an in-
exact interpolation.15;16 Smoothing numerical noise in a simulation
code is one of the many nice features that noninterpolatingapprox-
imations such as response surface models offer.17

Unlike response surfaces, however, kriging has found extremely
limited use in aerospace engineering since its introduction into the
literature by Sacks et al.14 Many researchers have employed krig-
ing modelingstrategiesspeci� cally fornumericaloptimization.18¡20

Giunta and Waston.21 perform a cursory investigation into the use
of kriging for 1-, 5-, and 10-variable sinusoidal test problems; they
observe that the quadratic polynomial models were more accurate
than the interpolative kriging models based on several error met-
rics. Iterative strategies using kriging have also been developed.
Booker22 discusses a 31-variable and a 56-variable helicopter-rotor
structural design problem, stating that the � exibility of the kriging
models allows them to be improved iteratively in regions of inter-
est through intelligent “intervention” of a design expert. Finally,
Osio and Amon23 present a multistage kriging strategy to design an
embedded electronic package with � ve design variables.

The limited use of kriging models in engineering applications
may be due to the lack of readily available software to � t krig-
ing models, the added complexity of � tting a kriging model, or the
additional effort required to use a kriging model compared with a
simple response surface model. Consequently, the objective in this
paper is to examine the dif� culties in building and using kriging
models to create accurate global approximations to facilitate multi-
disciplinary design optimization. Toward this end, kriging models
and responsesurfacemodels are constructedfor an aerospikenozzle
design problem to compare their capability in producing accurate
global approximations.Their accuracyis comparedthroughnumeri-
cal error analysis and graphicalanalysis and their capability to gen-
erate accurate solutions for four different optimization problems.
The rates with which these solutions are obtained also gives insight
into the capability of each type of approximationto facilitate multi-
disciplinarydesign optimization.The mathematics for constructing
response surface and kriging models are described next.

II. Descriptions of Response Surface Models
and Kriging Models

Buildingapproximationsof computeranalysesinvolves1) choos-
ing an experimental design to sample the computer analysis code,
2) selecting an approximation model to represent the data, and 3)
� tting the model to the sample data. A variety of options exists
for each.4 Although choosing an experimental design is an impor-
tant issue in building approximations, our focus in this paper is on
constructing accurate approximations from a given set of sample
data; comparisons of experimental design strategies are available
elsewhere in the literature.24¡28 An overview of response surface
models is given next, followed by a description of kriging models.

A. Response Surface Models
Responsesurfacemodeling techniqueswere originallydeveloped

to analyze the results of physical experiments to create empirically
based models of the observed response values.29 Response surface
modeling postulates a model of the form

y.x/ D f .x/ C " (1)

where y.x/ is the unknown functionof interest, f .x/ is the polyno-
mial approximation of x , and " is random error that is assumed to
be normally distributedwith mean zero and variance ¾ 2 . The error,
"i , at each observation is assumed to be independentand identically
distributed. The polynomial function, f .x/, used to approximate
y.x/ is typically a low order polynomial, which is assumed to be
either linear, Eq. (2), or quadratic, Eq. (3):

Oy D ¯0 C
kX

i D 1

¯i xi (2)

Oy D ¯0 C
kX

i D 1

¯i xi C
kX

i D 1

¯ii x
2
i C

X

i D 1

X

j < 1

¯i j xi x j (3)

The parameters, ¯0; ¯i ; ¯ii , and ¯i j , of the polynomials in Eqs.
(2) and (3) are determined through least-squares regression, which
minimizes the sum of the squares of the deviations of predicted
values, Oy.x/, from the actual values, y.x/. The coef� cients of Eqs.
(2) and (3) can be found using Eq. (4):

¯ D [X 0 X]¡1 X 0 y (4)

where X is the design matrix of sample data points, X 0 is its trans-
pose,and y is a columnvectorthat containsthevaluesof the response
at each sample point. Additional details on least-squaresregression
response surface modeling can be found in many books.1;29;30

B. Kriging Models
Unlike response surfaces, kriging models have their origins in

mining and geostatistical applications involving spatially and tem-
porally correlateddata.15;31 Krigingmodels combinea globalmodel
plus localized departures:

y.x/ D f .x/ C Z .x/ (5)

where y.x/ is the unknown function of interest, f .x/ is the known
approximation (usually polynomial) function, and Z.x/ is the re-
alization of a stochastic process with mean zero, variance ¾ 2 , and
nonzero covariance. The f .x/ term in Eq. (5) is similar to a poly-
nomial response surface, providing a “global” model of the design
space. In many cases f .x/ is taken as a constant,¯;14;28;32;33 and we
employ only a constant term for f (x) in the aerospikenozzle design
example in Sec. III.

While f .x/ globallyapproximatesthe designspace, Z.x/ creates
“localized” deviations so that the kriging model interpolates the ns

sampled data points; however, noninterpolativekriging models can
also be created to smooth noisy data.15;16 The covariance matrix of
Z .x/ is given by Eq. (6):

Cov[Z .x i /; Z .x j /] D ¾ 2R.[R.x i ; x j /] (6)

InEq. (6), R is the correlationmatrix,and R.x i ; x j / is the correlation
function between any two of the ns sampled data points x i and x j .
R is an .ns £ ns/ symmetric matrix with ones along the diagonal.
The correlation function R.x i ; x j / is speci� ed by the user, and a
variety of correlation functions exist.33¡35 In this paper, we utilize
the Gaussian correlation function of the form

R.x i ; x j / D exp

"
¡

nX

k D 1

µk

­­x i
k ¡ x j

k

­­2

#
(7)

where ndv is the number of design variables, µk are the unknown
correlation parameters used to � t the model, and x i

k and x j
k are the

kth components of sample points x i and x j . In some cases, using
a single correlationparameter gives suf� ciently good results14;23;36;
however, we use a different µ for each design variable.

Predicted estimates, Oy.x/, of the response y.x/ at untried values
of x are given by

Oy D Ō C r T .x/R¡1.y ¡ f Ō/ (8)

where y is the column vector of length ns that contains the sample
values of the response, and f is a column vector of length ns that is
� lled with ones when f .x/ is taken as a constant. In Eq. (8), r T .x/
is the correlation vector of length ns between an untried x and the
sampled data points fx1; :::; xns g

r T .x/ D [R.x; x1/; R.x; x2/; :::; R.x; xns /]T (9)

In Eq. (8), Ō is estimated using Eq. (10):

Ō D . f T R¡1 f /¡1 f T R¡1 y (10)

The estimate of the variance, O¾ 2, between the underlying global
model Ō and y is estimated using Eq. (11):

O¾ 2 D
£
.y ¡ f Ō/T R¡1.y ¡ f Ō/

¤¯
ns (11)
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where f .x/ is assumed to be the constant Ō. The maximum likeli-
hood estimates (i.e., “best guesses”) for the µk in Eq. (7) used to � t
a kriging model are obtained by solving Eq. (12):

max 8
µk > 0

.µk / D ¡
¥

ns . O¾ 2/ C jRj
¦¯

2 (12)

where both O¾ 2 and jRj are functions of µk . While any value for the
µk creates an interpolative kriging model, the “best” kriging model
is found by solving the k-dimensional unconstrainednonlinear op-
timization problem given by Eq. (12). We employ a simulated an-
nealingalgorithm37 to � nd themaximumlikelihoodestimatesfor the
µk parameters, and the associated computational expense is found
to be minimal in the aerospike nozzle design example, described
next.

III. Aerospike Nozzle Design Example
The linear aerospike rocket engine is the propulsion system pro-

posed for the VentureStar38 reusable launch vehicle. The aerospike
rocket engine consists of a rocket thruster, cowl, aerospike nozzle,
and plug base regions as shown in Fig. 1. The aerospike nozzle is
a truncated spike or plug nozzle that adjusts to the ambient pres-
sure and integrates well with launch vehicles. The � ow� eld struc-
ture changes dramatically from low altitude to high altitude on the
spike surface and in the base � ow region. Additional � ow is in-
jected in the base region to create an aerodynamic spike, which
gives the aerospike nozzle its name, increasing the base pressure
and contribution of the base region to the thrust. The aerodynamic
and structural analysis for the aerospike nozzle were originally de-
veloped by Korte et al.39and are employed in this paper to compare
the accuracy of global approximations based on response surface
and kriging models.

The multidisciplinary analysis of the aerospike nozzle involves
two disciplines, aerodynamics and structures, and there is an in-

Fig. 1 Aerospike components and � ow� eld characteristics.39

Fig. 2 Multidisciplinary domain decomposition.39

teractionbetween the structuraldisplacementsof the nozzle surface
and the pressurescaused by the varyingaerodynamiceffects.Thrust
and nozzle-wallpressurecalculationsare made usingcomputational
� uid dynamics analysis and are linked to a structural � nite element
analysis model in NASTRAN for determining nozzle weight and
structural integrity. A mission average engine-speci�c impulse and
enginethrust/weight ratioare calculatedandused to estimatevehicle
gross liftoff weight (GLOW). The correspondingmultidisciplinary
domain decomposition is illustrated in Fig. 2.

For this study, we consider three design variables for the multi-
disciplinarydesign of the aerospikenozzle: starting(thruster) angle,
exit height, and length, as shown in Fig. 3. The thruster angle a is
the entrance angle of the gas from the combustionchamber onto the
nozzle surface; the height h and length l refer to the solid portionof
the nozzle itself. A quadraticcurve de� nes the aerospikenozzle sur-
face pro� le based on the valuesof thruster angle, height, and length.

Bounds for the design variables are set to produce viable noz-
zle pro� les from the quadratic model based on all combinations of
thruster angle, height, and length. Second-order response surface
models and kriging models are developed for each of the three sys-
tem responses (thrust, weight, and GLOW) as described next.

A. Approximations for the Aerospike Nozzle Problem
Sample data for � tting the response surface and kriging mod-

els for the aerospike nozzle example is obtained from a 25-point
(strength 2) orthogonal array.40 The sample data and correspond-
ing response values are summarized in Table 1. The data have been
scaled against the baseline design to protect the proprietary nature
of the data.

For three reasons, the 25-point orthogonal array is chosen over
the traditional central composite design, which contains only 15
sample points for three design variables. First, since each analysis
requires25 to 30 min of computationtime, 25 simulationruns can be
convenientlycompletedovernightwhen computer resourcesare not
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in high demand. Second, Giunta et al.17 recommend using 1.5n to
2.5n sample points to produce an accurate response surface model,
where n is the number of coef� cients that need to be estimated. (For
3 design variables, n D 10.) Preliminary approximations based on
fewer sample points yielded poor results; therefore, larger sample
sizes were allocated because computational resources permitted it.
Finally, and most important, we have found that central composite
designs frequently lead to singularities in the correlation matrix in
Eq. (6) when performing the maximum likelihood estimation as a
result of the location and spacing of the sample points in the design
space.41;42 Therefore,we are investigatingspace-� llingdesignssuch
as the strength2 orthogonalarrayto providemore accuratesurrogate
approximations,43 although our objective in this paper is to investi-
gate the use of kriging models to build global approximationsbased
on the given sample data. Toward this end, responsesurface models
for each of the system responses are constructed in Sec. III.B to

Table 1 Normalized sample data from orthogonal array

Design variable Response

Run number Angle Height Length Thrust Weight GLOW

1 ¡1 0 0.5 1.0004 0.9815 0.9924
2 ¡1 1 1 0.9998 1.1191 1.0214
3 ¡1 ¡1 0 0.9993 0.8987 0.9864
4 ¡1 ¡0.5 ¡1 0.9972 0.8422 0.9954
5 ¡1 0.5 ¡0.5 0.9987 0.9346 0.9996
6 1 0 1 1.0013 0.9242 0.9714
7 1 1 0 0.9997 0.9090 0.9842
8 1 ¡1 ¡1 0.9955 0.7550 0.9947
9 1 ¡0.5 ¡0.5 0.9975 0.8028 0.9850
10 1 0.5 0.5 1.0005 0.9166 0.9777
11 0.5 0 0 0.9997 0.8896 0.9805
12 0.5 1 ¡1 0.9978 0.8632 0.9949
13 0.5 ¡1 ¡0.5 0.9976 0.7865 0.9804
14 0.5 ¡0.5 0.5 1.0006 0.8946 0.9716
15 0.5 0.5 1 1.0013 0.9682 0.9802
16 ¡0.5 ¡1 0.5 1.0005 0.9094 0.9759
17 ¡0.5 0 ¡1 0.9976 0.8437 0.9916
18 ¡0.5 1 ¡0.5 0.9988 0.9328 0.9981
19 ¡0.5 ¡0.5 1 1.0015 0.9705 0.9782
20 ¡0.5 0.5 0 0.9998 0.9421 0.9900
21 0 0 ¡0.5 0.9988 0.8663 0.9847
22 0 1 0.5 1.0007 0.9604 0.9846
23 0 ¡1 1 1.0015 0.9266 0.9691
24 0 ¡0.5 0 0.9997 0.8536 0.9731
25 0 0.5 ¡1 0.9978 0.8508 0.9915

Fig. 3 Nozzle geometry.39

provide a basis for comparison against the kriging models that are
developed from the same set of sample data in Sec. III.C.

B. Response Surface Models for the Aerospike Nozzle Example
Second-order response surface models for weight, thrust, and

GLOW are � t to the25 samplepointsby usingordinaryleast-squares
regression.The correspondingresponsesurface models are given in
Eqs. (13–15). The resulting R2, R2

adjusted , and RMSE (root mean
square error44 ) values for each response surface model are listed in
Table 2.

Weight D 0:810 ¡ 0:116a C 0:121h C 0:152l C 0:065a2

¡ 0:025ah C 0:0013h2 ¡ 0:0539al ¡ 0:0131hl

C 0:0301l2 (13)

Thrust D 0:9968 C 0:00031a C 0:0019h C 0:0060l ¡ 0:00175a2

C 0:00125ah ¡ 0:0011h2 C 0:00125al ¡ 0:00198hl

¡ 0:00165l2 (14)

GLOW D 0:9930 ¡ 0:0270a C 0:0065h ¡ 0:0265l C 0:0307a2

¡ 0:0163ah C 0:0100h2 ¡ 0:0226al C 0:0151hl

C 0:0195l2 (15)

As evidenced by the high R2 and R2
adjusted values and low RMSE

values in Table 2, the response surface models appear to capture a
large portion of the observed variance, indicating a good � t. The
kriging models are presented next.

C. Kriging Models for the Aerospike Nozzle Example
For the kriging models, a constant term is used for the underly-

ing global portion of the kriging model and a Gaussian correlation

Table 2 Error diagnostics of response surface models

Response

Measure Weight Thrust GLOW

R2 0.986 0.998 0.971
R2 adjusted 0.977 0.996 0.953
RMSE 1.12% 0.01% 0.25%
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function, Eq. (7), is used for the local deviations. Initial investiga-
tions revealedthat a single µ parameterwas insuf� cient to model the
data accurately when scaling the design variables to [0,1]3. There-
fore, a simulated annealing algorithm37 is used to determine the
maximum likelihood estimates (MLEs) for the three µ parameters
needed to � nd the “best” kriging model. The resulting MLEs for
the three µ parameters for each kriging model for weight, thrust,
and GLOW are summarized in Table 3. Determination of the MLEs
for the three µ parameters using the simulated annealing algorithm
required approximately 1 min of computation time on a 300-MHz
Sun Ultra Sparc60.

With these parameters for the Gaussian correlation function and
the 25 sample data points, the kriging models are fully speci� ed.
A new point is predicted using these values in combination with
Eqs. (8–10), and a comparison of the accuracy of these kriging
models and the response surface models is discussed next.

D. Error Analysis of Response Surface Models and Kriging Models
Because the kriging models interpolate the sample data, 25 ad-

ditional, randomly selected validation points are used to verify the
accuracy of the kriging models; the accuracy of the response sur-
face models is also examinedusing these 25 points. Error is de� ned
as the difference between the actual response from the computer
analysis, y, and the predicted value, Oy , from either the response
surface model or the kriging model. The maximum absolute per-
cent error, the averageabsolute percent error, and the RMSE for the
25 validation points are summarized in Table 4.

As seen in Table 4, the kriging models have lower maximum ab-
solute error and lower RMSE values for weight and GLOW than the
response surface models. Meanwhile, the response surface model
for thrust is slightly better than the kriging models; the maximum
error and RMSE are slightly less, and the average errors are essen-
tially the same. It is not surprising that the response surface model
predicts thrust better: it has a very high R2 value (0.998) and low

Table 3 Theta parameters for kriging models
for scaled data

Response

Parameter Weight Thrust GLOW

µangle 0.549 0.299 3.357
µheight 1.324 0.384 2.518
µlength 2.720 1.866 0.524

Fig. 4 Thrust contours.

RMSE (0.01%), as noted previously in Table 2. It is reassuring to
note, however, that the krigingmodel, despite using a constant term
and a Gaussian correlation function, is only slightly less accurate
than the corresponding second-order response surface model for
thrust. In summary, it appears that both models predict well, with
the kriging models having a slight advantage in accuracy because
of the lower RMSE values. A graphical comparison of the two sets
of approximationsis offered next.

E. Graphical Comparison of Response Surface Models
and Kriging Models

In Figs. 4–7, three-dimensional contour plots of thrust, weight,
and GLOW are given. In each � gure, the same contour levels are
used for the response surface and kriging models so that the shapes
of the contours can be directly compared.

In Fig. 4, the contours of the response surface model and the
kriging model for thrust are very similar. As evidenced by the high
R2 and low RMSE values, we expect the response surface model to
approximate thrust quite well, and it is reassuring to note that the
kriging models closely resemble the response surface models even
throughthe underlyingglobalmodel for the krigingmodels is only a
constant.

The contoursof the responsesurface and krigingmodels in Fig. 5
are also very similar, but we begin to see localized perturbations
due to the fact that the kriging model interpolates the data. The
error analysis from the preceding section indicated that the kriging
model for weight is slightlymore accurate than the responsesurface
model, which might be attributed to these small nonlinear localized
variations.

The general shape of the GLOW contours is the same in Fig. 6;
however, the size and shape of the different contours, particularly
along the lengthaxis, are quite different.The end viewof the GLOW

Table 4 Error analysis of response surface and kriging models

Model Weight Thrust GLOW

Second order response surface
Max j% errorj 19.57 0.032 3.68
Avg j% errorj 2.44 0.012 0.53
RMSE,% 4.54 0.015 0.90

Kriging (with constant term)
Max j% errorj 17.23 0.048 3.43
Avg j% errorj 2.51 0.012 0.59
RMSE,% 4.37 0.018 0.89
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Fig. 5 Weight contours.

Fig. 6 GLOW contours.

contours along the length axis shown in Fig. 7 further highlights the
differences between the two models.

Notice in Fig.7 that thekrigingmodelpredictsa minimumGLOW
located within the design space centered around height D ¡0:8,
angleD 0, along the axis de� ned by 0:2 · length· 0:8. This mini-
mum was veri� ed through additionalexperimentsand found during
optimization, as discussed next.

F. Optimization Results Using Response Surface Models
and Kriging Models

As a � nal comparisonof the accuracyof the responseand kriging
models, we formulate and solve four different optimization prob-
lems: 1) maximize thrust, 2) minimize weight, 3) minimize GLOW,
and 4) maximize thrust/weight ratio, as summarized in Fig. 8. The
� rst two objective functions represent traditional, single-objective,
single-disciplineoptimizationproblems.The second, two-objective

functionsare characteristicof multidisciplinaryoptimization;mini-
mizing GLOW or maximizing the thrust/weight ratio requires trade-
offs between the aerodynamics and structures disciplines.For each
optimization, constraints are placed on the maximum and mini-
mum allowable values of responses that are not part of the ob-
jective function. For instance, in the � rst problem, the objective
is to maximize thrust subject to constraints on maximum weight,
weightmax , and GLOW, GLOWmax, and the minimum thrust/weight
ratio, (Thr/Wt)min, the values of which are hidden to protect the
data’s proprietary nature.

Each optimizationis formulatedand solvedusing the generalized
reduced gradient (GRG) algorithm.45 Each optimization is solved
twice, � rst using the response surface models and then using the
kriging models. Three different starting points (the lower, middle,
and upper bounds) are used for each objective function to assess the
average number of analysis and gradient calls that is necessary to
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obtain the optimum design. The same parameters (e.g., step size,
allowable constraint violation) are used within the GRG algorithm
for each optimizationproblem. The results of all four optimizations
using both sets of response surface and kriging models are summa-
rized in Table 5, and the following observations are made based on
the data in Table 5:

1) Average number of analysis and gradient calls: In general, the
optimization requires fewer analysis and gradient calls to the re-
sponse surface models than the kriging models. This is attributed to
the fact that the response surface models are simple second-order
polynomials,whereasthe krigingmodels are more complex,nonlin-

Fig. 7 GLOW contours: end view.

Table 5 Optimization results using response surface and kriging models

Avg. number of Avg. number of Predicted Veri� ed
Models analysis calls gradient calls Optimum design Response optimum optimum % error

Problem 1: Maximize thrust
RS 27 4 Angle 0.096 Thrust 1.0016 1.0013 0.02

Height ¡0.433 Weight 0.9450 0.9476 ¡0.27
Length 1.000 Thr/Wt 1.0141 1.0134 0.07

GLOW 0.9724 0.9759 ¡0.36
Kriging 62 5 Angle 0.656 Thrust 1.0016 1.0014 0.02

Height ¡0.627 Weight 0.9385 0.9155 2.51
Length 1.000 Thr/Wt 1.0157 1.0210 ¡0.51

GLOW 0.9690 0.9683 0.08

Problem 2: Minimize weight
RS 29 3 Angle 0.800 Thrust 0.9957 0.9957 ¡0.01

Height ¡1.000 Weight 0.7584 0.7496 1.18
Length ¡1.000 Thr/Wt 1.0533 1.0555 ¡0.21

GLOW 0.9936 0.9906 0.30
Kriging 43 4.67 Angle 1.000 Thrust 0.9965 0.9956 0.08

Height ¡0.873 Weight 0.7725 0.7443 3.79
Length ¡1.000 Thr/Wt 1.0506 1.0568 ¡0.59

GLOW 0.9824 0.9914 ¡0.90

Problem 3: Minimize GLOW
RS 30.67 3.33 Angle 0.616 Thrust 1.0013 0.9957 0.56

Height ¡1.000 Weight 0.8969 0.8617 4.09
Length 1.000 Thr/Wt 1.0251 1.0286 ¡0.34

GLOW 0.9660 1.0146 ¡4.79
Kriging 57.67 6.33 Angle 0.764 Thrust 1.0009 1.0006 0.04

Height ¡0.833 Weight 0.9060 0.8732 3.75
Length 0.676 Thr/Wt 1.0228 1.0302 ¡0.72

GLOW 0.9675 0.9680 ¡0.05

Problem 4: Maximize thrust/weight ratio
RS 27 4 Angle 0.096 Thrust 1.0016 0.9959 0.57

Height ¡0.433 Weight 0.9450 0.9073 4.16
Length 1.000 Thr/Wt 1.0141 1.0173 ¡0.31

GLOW 0.9724 1.0228 ¡4.93
Kriging 62 5 Angle 0.656 Thrust 1.0016 1.0014 0.02

Height ¡0.627 Weight 0.9385 0.9063 3.56
Length 1.000 Thr/Wt 1.0157 1.0231 ¡0.73

GLOW 0.9690 0.9666 0.25

ear approximations [see Eqs. (7–10)]. However, the computational
expense for both sets of approximationsis on the order of millisec-
onds per evaluation.

2) Convergence rates: Optimization using the response surface
models tends to converge more quickly than when using kriging
models. This can be inferred from the number of gradient calls,
which are one to three calls fewer for the responsesurfaces than the
kriging models.

3) Optimum designs: The optimum designs obtained from the
response surface and kriging models are essentially the same for
each objective function. The largest discrepancy is the length when

Fig. 8 Optimization problem formulation for aerospike nozzle design.
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minimizing GLOW. The response surface models predict that the
optimum GLOW occurs at the upper bound on length (C1) and the
kriging models yield 0.676. This difference is evident in Figs. 6
and 7.

4) Predicted optima and prediction errors: To check the accuracy
of the predictedoptima, theoptimumdesignvaluesfor angle,height,
and length are used as inputs into the original analysis codes, and
the percentage difference between the actual and predicted values
is computed. The error is less than 5% for all cases and less than
0.5% in three quarters of the results.

In summary, the response surface and kriging models yield com-
parable results for each optimization problem, indicating that both
approximationtypesare equallywell suitedformultidisciplinaryde-
sign optimization. In most cases, the kriging models offer slightly
more accurate approximations, as evidenced by smaller prediction
errors in the optimum design.

IV. Conclusions
In this paper, we have demonstrated the use of kriging models as

alternatives to traditional response surface methods for construct-
ing accurate global approximations to facilitate multidisciplinary
design optimization. Although the size of the aerospike nozzle de-
sign problem is relatively small, only three variables, it provides
a realistic aerospace design application in which to compare and
contrast the response surface and kriging models. The accuracy of
each set of approximations is compared through numerical error
analysis, graphical analysis, and their capability to generate accu-
rate solutions for four differentoptimizationproblems. We � nd that
the krigingmodels, usingonly a constant term for the global portion
of the model in conjunction with a Gaussian correlation function,
yield global approximationsthat are slightly more accurate than the
response surface models. Furthermore, the rates with which the op-
timization solutions are obtained gives insight into the capability
of each type of approximation to facilitate multidisciplinarydesign
optimization. We � nd that building and using the kriging models
for optimization incur minimal added computational expense and
offer predicted optima that are slightly more accurate.These results
are promising, but kriging models must be tested on a variety of
applicationsand with a variety of experimental designsbefore their
use becomes as commonplace as that of response surface models in
aerospace engineering.
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